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Abstract 



' We consider a single band approximation to the random Schrodinger operator in an exter- 

o ■ 

Q ■ nal magnetic field. The spectrum of such an operator has been characterized in the case 

^ ' where delta impurities are located on the sites of a lattice. In this paper we generalize 

"i ' these results by letting the delta impurities have random positions as well as strengths; 

> 

they are located in squares of a lattice with a general bounded distribution. We charac- 
, terize the entire spectrum of this operator when the magnetic field is sufficiently high. We 

X 

c3 ■ show that the whole spectrum is pure point, the energy coinciding with the first Landau 
level is infinitely degenerate and that the eigenf unctions corresponding to other Landau 
band energies are exponentially localized. 
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I. Introduction 

In recent years there has been considerable activity in the study of random magnetic 
Schrodinger operators mainly due to their relation with the theory of the Integer Quantum 
Hall Effect (IQHE). Some of these studies have incorporated the randomness into the 
magnetic field^, whereas others have added a random potential to the usual Landau 
Hamiltonian. Without any disorder the Landau Hamiltonian has a spectrum of evenly 
spaced Landau levels, each one of which is an infinitely degenerate eigenenergy. When a 
random potential is added these Landau levels broaden into bands. In several models^"^ 
it has been shown that for large magnetic field the spectrum at the edges of the bands is 
pure point, with each eigenenergy corresponding to an exponentially localized state. The 
proofs rely on von Dreifus and Klein's^ refined version of the earlier multiscale analysis 
by Prohhch and Spencer^ and on percolation theory. These results are not sufficient to 
provide a complete understanding of the IQHE however, as the nature of the spectrum 
in the interior of the band is crucial in explaining the observed plateaux^. In one special 
case^'^ the spectrum has been completely characterized. In this work the authors consider 
a random potential consisting of zero-range scatterers (delta functions) situated on the 
sites of a regular lattice. In the first paper^, they show that, in the case of a single-band 
approximation, the whole spectrum is pure point, with exponentially localized states for all 
energies except the original Landau level. They prove also that this level remains infinitely 
degenerate. These results are improved in a later work^ where they obtain similar results 
for the unprojected Hamiltonian. They adopt a simple proof of localization by Aizenman 
and Molchanov^^ which utilizes low moments of the resolvent kernel. 



2 



The purpose of this work is to generahze the above for the case of a magnetic Schrodinger 
operator with randomly distributed delta impurities. Specifically, the random potential 
consists of point scatterers, delta functions, positioned in unit squares which are centered 
on the Gaussian integers, so that it is possible to have up to four scatterers arbitrarily 
close together. The strengths of the scatterers will also be random. We consider a two- 
dimensional infinite system of noninteracting electrons moving in a uniform magnetic field 
of strength B and the random potential V. The precise hypotheses on the probability 
distributions will be stated in Section II. 

In the symmetric gauge the vector potential is given by A(r) = i(r x B) and the Hamil- 
tonian is 

H = {-iV - A{r)Y + V{r). (1.1) 

When the magnetic field is sufficiently strong in comparison to the random potential 
the Landau bands do not overlap and it is sufficient to consider the projection of the 
Hamiltonian onto only one of them. The Hamiltonian retricted to the nth level is 

Hr, = B{2n+l)Pr, + PnVPn, (1.2) 

where Pn denotes the projection onto the level. The first term comes from the decompo- 
sition of the purely kinetic part of ( p..l| ) and can be dropped as it modifies the energy only 
by a constant. Note that the resulting Hamiltonian is a random integral operator instead 
of a differential operator and that the kernels of P„ are known explicitly. For simplicity, 
in this paper, we restrict ourselves to the case n = but the case n 7^ can be treated 
similarly. 
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For our model, in the special case where the support of the positional probability 
distribution is bounded within each unit box so that a corridor exists between impurities, 
the method of Aizenman and Molchanov yields a simple proof of locahzation^^. However, 
for general distributions of position, impurities can become arbitrarily close to each other 
and we are not able to use their method. This is partly due to possible resonances; that 
when impurities can become arbitrarily close together the low moments of the resolvent 
kernel do not converge rapidly enough. In this paper we use the modification of the 
Theorem of von Dreifus and Klein given in Ref . 2 to show exponential locahzation of states 
corresponding to each of the eigenenergies separately (except the original Landau level 
eigenenergy) . We do this by studying, at fixed energy, the behaviour of the generalized 
eigenfunctions at the impurity sites only, thus reducing the problem to the study of a 
random matrix. The eigenfunctions of this matrix are related to the eigenfunctions of 
the Hamiltonian in such a way that exponential decay of the former implies exponential 
decay of the latter. Then using Kotani's 'trick' we can show exponential decay for 
all eigenenergies in an interval with probability one implying that the whole spectrum is 
pure-point. That the original Landau level eigenenergy remains infinitely degenerate has 
been shown in Ref. 13 for the case of a Poisson distribution of impurities. The result 
given here is similar and so only a sketch of the proof is given. 

The paper is organised as follows. In Section II we give a precise definition of the model. In 
Section III we characterize the spectrum as a set, state the main theorem and show infinite 
degeneracy of the original eigenenergy. Also in this section we relate the Hamiltonian to a 
lattice operator and state our version of the adapted von Dreifus-Klein Theorem. Section 
IV contains the main work of this paper, where the conditions of the main theorem are 
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checked. In Section V we use Kotani's trick to show exponential decay and pure-point 
spectrum with probabihty one. 

II. Definition and Boundedness of the Hamiltonian 

Let LUn, n e Z[i] = {rii + in2 : {ni,n2) € Z^}, the Gaussian integers, be independent, 
identically distributed (i.i.d) random variables representing the strengths of the impurities. 
We shall assume that their distribution is given by an absolutely continuous probability 
measure /i whose support is a compact interval X — [a, b] <Z R containing the origin and 
whose density p is bounded by a constant pb. We let Qi = and Pi = HneZH A*- 

Define the unit squares centred at n e : 

Bn ^ {z e r"^ \ ni - ^ < Zi < Ui + ^ , n e Z[i] , i = 1, 2 }. 

Let — "n + (n, "n & I'li], represent the positions of the impurities in the complex plane. 
Cn, n e are i.i.d. random variables. We shall assume that their distribution is given 
by a probability measure u with support equal to Bq and density r bounded by a constant 
Tft. We let ^2 = ><neZ[i]-^o and P2 = HneZii] ^- probabihty space will he fl — Qi x 
with probability measure F = Fi x F2. 

For m e Z[i] let be the measure preserving automorphism of fl corresponding to 
translation by m: 

{rm{i^: C))n = ('^n-m, Cn-m) ■ (2.1) 

The group {r^ : m e Z[i]} is ergodic for the probability measure P. 

Let H — L^(C) and let Hq be the eigenspace corresponding to the lowest eigenvalue (first 

5 



Landau level) of the kinetic part of the Hamiltonian defined in ( |1 . 1| ) and let Pq be the 
orthogonal projection onto Tio- The Hamiltonian for our model is the operator on Tio 
given formally by 



H {cu, = ^PoV (-, {iv, 0) = ^PoV (-, {u, 0) Po (2.2) 



where {u, () E fl and 



7ieZ[jl 



Note that H coincides with Hq in ( |1.2| ) up to the term BPq and a multiplicative constant 
and that the lowest Landau energy is now shifted to zero. The projection Pq is an integral 
operator with kernel 

2k 

Po [z, z') = — exp[-K\z - -zT - 2iKz A z'], (2.4) 

TT 

where n = B /A and z t\ z' = TZzIz' — IzTZz\ TZz and Iz being the real and imaginary 
parts of z respectively. Note that if ip E TC then ip G TCq if and only if ip{z) = /(z)e~'^'^'^ 



where f{z) is entire. Using ( p.4| ) we can write the Hamiltonian in the form 



where for C G C, 



fd^) = \I^Po{zX) = y^exp[2<z-«:(|Cp+ kP)]. (2.5) 
Note that ||/^|| = 1, (/^ , /^/) = \f^fc'{C) and that H is an integral operator with kernel 



Hiz,z')= E ^n/c„(^)/c„(^')- (2.6) 

We first obtain a bound on if (-2, z') which implies that H is bounded. We give the 
following simple estimate without proof. 



Lemma 2.1: For s, t > and z, z' & C 

neZ[i] 

where 

= 9 + 8e-^ + 4(^y + 1 
The above Lemma implies that \H{z, z')\ is bounded above by 



^^''-X(2«:)e-tl-^'^ (2.7) 



TT 



where R = max(|a|, \b\). Therefore H is bounded and 

\\H\\ <4RK{2k). (2.8) 

Note that the heat kernel is 

Pt(z,z') = —e-h\--A^ 

and the corresponding operator has unit norm. From now on we take k sufficiently large 
so that K{2k) < 10 and we let R = 40i? so that \\H\\ < R. 



III. The Spectrum of H. 

Let {Uz ■ z E C} he the family of unitary operators on Ti corresponding to the magnetic 
translations: 

{UMz') = e'^'^^^^'fiz + z'). 

Then for m E Z[i] 

UmH{u;,C)U-'^H{Trr,{u;,C))- (3-1) 
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Note that [Pq,U,] = for all 2 e C so that U.Hq C Hq. Also U^,U,^ = e^'''^^'''^U,,+,,. 
The ergodicity of {r^ : m G ^[i]} and equation (|3.1|) together imply that the spectrum of 



H{uj,() s-iid its components are non random (see Ref. 14 Th V.2.4). 
Lemma 3.1: With probability one 

[4a,46]ca(if(a;,C)). 

Proof: It is sufficient to prove that for each E G [4a, 46] and for all 6 > 0, there 
exists Q' G Q with ¥{Q') > and ijj e Hq with ||?/'|| = 1 such that for all (a;,C) e Q', 
\\{H{uj, 0-E)i;\\<5. 

Let B = {0, 1 + Choose E G [4a, 46] and D such that En:|c„|>D e"''!^""^"'' < 5/4i?, 
where R = max(|a|, |6|), and let 

fi^ = {C e ^2 : Kn - Col < ttA^ Vn G B} 



4EV2K 

then since for all n & B, the impurities Cn and (0 can be arbitrarily close to one another, 
Fifl'^) > 0. Let 

E S S 
fl\ = \uj E : \uJn 1 < — Vn G B and max \uJm\K(K,) < -}. 

4 16 m<^B:\U\<D 4 

Since E/4 and are in the support of P(^) > 0. Let ^l' = x ^l'^, then P(i7') > 0. 



Now 

{Hf^,-Ef^,){z) = EK-f)(/c.>/Co)/c.W + ^QE(/c.>/Co)/c.W-/Co( 

niB:\Cn.\<D n:\C„\>D 
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Hence 



WHfco-EfcoW < 7 + TllE(/Cn,/co>/Cn-4/co 



+ E KII(/c„,/co)l + ^ E 



g-«Kn-CoP_ 




It is easily seen that ||(/c„, /co)/Cn - /coll^ = 1 - l(/Cn'/co)P is bounded by 2K|Cn - Co 
and therefore for all (o;, C) G 



We now state the main theorem, which we will prove in the sequel. 
Theorem 3.2 There exists k.q > such that for k. > kq, with probability one, 
(a) is an eigenvalue of H with infinite multiplicity, 



(c) if X e a{H)\{0}, is an eigenvalue of H with eigenfunction ip, then ip decays exponen- 



We will start by showing part (a). The lemma is very close to results proven in Refs 8 
and 13 so only a sketch of the proof will be given. 

Lemma 3.3: There exists Ki > such that for k > Ki, with probability one, is an 
eigenvalue of H with infinite multiplicity. 
Proof: Let 



\\Hf^,-Efa<3. 



□ 



(b) <7co„t (H) = 0, 



tially with rate > k^^^. 



^c(^) =11(1 



z 
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If we can show that the sums Z]„l/|Cn|^ and Z]„l/C^ converge independently of ( then 
it follows from the theory of entire functions (see Ref. 15) that there exists A > and 
R > 0, both independent of ( such that for \z\ > R, \ipc{z)\ < e^'^'^. The first sum is 
easily bounded, the second can be bounded by utilising the four-fold rotational symmetry 
of the Z[i] to cancel any large contributions. Let 0fc(z) = z'^VcC-^)^"'*''^'^ k > 1, then if 
K > A, the (pkS are in Hq and (pkiCn) — for all n e Z[i]. Therefore Hcp^ — for all k > 1. 
Moreover if Ef=i a^^ ^fc^. = then Ef=i ak.z''^ = for z ^ {Cn}- Therefore Ef=i ak.z''^ = 
and thus the a^^.'s are zero implying that the 0fe's are independent. 

□ 

For Theorem 3.2 parts (b), (c) we can simplify the problem by studying the behaviour of 
the generalized eigenfunctions at the impurity sites only. We have 

neZH] 



and thus if {Hip){z) = Xip{z), 



TT 

2k 



^ ^ Ur^PoizXnmCn) ^ X^l^iz) (3.2) 

which evaluated at Cm gives 

J2 ^ni^o(Cm,Cn)^(Cn) = At/'(Cm) 
neZ[i] 

Let uJni>{Cn) = Cn- Then 

^ X] -Po(Cm, Cn)Cn = Cm (3-3) 

We can thus reduce the problem to the study of a random matrix which has a;-dependent 
elements on the diagonal and C-dependent rapidly decaying off-diagonal elements. We 
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write this matrix as a sum of a diagonal matrix and an off-diagonal matrix as defined 
below. 

Let Ai = P{z[i]). Define the operators Mq, and on A4 as follows. 

vr 

{m\Mo\n) = — Po(Cm,Cn)(l - ^mn) 

{m\V^\n) = (l - s^n. (3.4) 



For a proof of Theorem 3.2 part (c) we note that the eigenvectors ^ of M = Mq + V^, 
are related by an explicit formula to the generalized eigenfunctions ip of H in such a way 
that exponential decay of the former implies exponential decay of the latter: 



iFrom Q, if A ^ 



If decays exponentially, < Ce we have 

C .5-^ _^U_A |2 I . C 



< £e-™l^le^ E e-tl-f"l^ < ^e^ir(-)e-l^l (3.5) 
A 1-7,., A 2 

and '?/'(^) decays exponentially, where we have bounded the sum by taking s = k/2, t = 
in Lemma 2.1. 

Thus we want to show that the eigenvectors for the eigenvalue equation M^C, = decay 
exponentially for A 7^ 0. We will do this by the same method as in Ref. 8. First we will 
need to make a few definitions. 

For regions A C Z[z] we define to be the restriction of to /^(A). If -E" ^ '^(^a) 
then the Green function 

Ti{E) = {Mi - E)-' (3.6) 
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is well-defined. In particular, we shall consider the regions 

AlN = ez[i]| : \n'-n\^<L/2} (3.7) 

for n e Z[i] and L > 0. 

Definition. Fix constants (5 e (0,1) and s e (|,1)- Given a configuration {oj^Oj 
square Ai(n) is called {m, E) -regular for some m > and E & R if the following two 
conditions are satisfied: 

(RA) d(£;,a(M^^(„)(a;,C)))>^e-^', 
(RB) l(^|riH(^)|n')|<e-^ 

for all n' e Ai(n) where Ai(n) = Ai(n) \ A2,(n) wt/i L — L — U . A^ln) is called singular 
if it is not regular. 

We now state a theorem which is an variant of the main theorem in Ref. 2 where the 
von Dreifus and Klein Theorem is adapted from the case of a tight-binding (finite range) 
Hamiltonian to the case where the Hamiltonian has a long range hopping term with 
Gaussian decay. It states conditions under which the eigenvectors of the random matrix 
with eigenvalue decay exponentially. 

Theorem 3.4 Fix constants (3 e (0, 1), s e (|, 1), 7 G (0, 1), p > 2, 5 > 4p 12. There 
exists Qo > depending on all these constants hut independent of A and n > 1 such 
that the following holds: If for A, n the conditions (PI) and (P2) are satisfied, where 

(PI) There exists an Lq > Qq and thq such that 

P{Alo(0) is (mo, 0)-regular} > 1 - (3.8) 
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(P2) There exists 77 > such that, for all E G {—r],r]) and for all L > Lq, 



P 



{^(^'^«(o))) 



< e 




(3.9) 



then, for all m G (0, mo), there exists 6 > depending on m, uiq, Lq, [3 and rj such that for 
all E G (—(5, 5) the eigenvectors of M'*' with eigenvalue E decay exponentially with rate 
> m. 

The main work of this paper consists in proving that the conditions (PI) and (P2) are 
satisfied. The conditions can be seen to consist of two types of estimate. (RB) of (PI) 
is an estimate of the decay of the Greens function r^^(O), while (RA) of (PI) and (P2) 
are Wegner type estimates that require small gaps in the dependent spectrum. It is 
unusual that it is the latter estimates that will require the finer analysis; previous works 
have found the decay of the Green's function to require the more delicate study. This is 
because we want to show that the eigenfunctions are exponentially decaying for arbitrarily 
small A. Inspecting (p.4|) we see that for A small the ti;-dependence becomes less significant 
and does not give sufficient randomness for Wegner type estimates. Therefore we have to 
utilise randomness provided by the positions of the (/s. 

IV. Proof of the Conditions (PI) and (P2) 

We will begin by showing (RB) of (PI). We will need the following two probabilistic 
lemmas in which we fix u > 3. 

Lemma 4.1: There exists Qi such that 




(4.1) 



13 



for all L> Qi. 



Proof: The Cn's have a distribution with a density bounded by for each and thus, 



(iCn - Cn'l > for all n, n' e Al, n') - ~ fSl 



L2 



By taking L sufficiently large we get the result. 



Lemma 4.2: There exists Q2 such that 



□ 



i-A 



1 \ 1 

> — VneAi >1- - — ^ 



(4.2) 



for all L > Q2. 



Proof: Now 



1 - 



A 



that 1 + — > — >!- — 



< — gives us that <1 < — which implies 

T 'ii ^ /It # ■•■ 



Thus cUn must fall between the bounds, 



lAI 



1 + 7^ 



— < kn| < 



(4.3) 



Hence 



1 - 



UJr, 



< 



< 2pb\X\ 



1 - ^ 



1 + 1^ 



if L > 2, where we have used 1 — 1/L " > 1/2". Therefore 



(L+l)2 



By taking L sufficiently large we get the result. 
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□ 

The following Lemma is proved in Ref. 8. 

Lemma 4.3: For all 7 e (0, 1), there exists Co(7) > such that for a > 1 

meZ[i] 

The following Lemma will be used to show (RB) of (PI). 

Lemma 4.4: For all 7 e (0, 1) and u > 3, there exists Qs such that for all L > Qs and 

all K > L^"/4 we have for any n, n' e A^, 

(1/2 \ 2 

Proof: In the following we let 7 e (0,1). Using |a + 6p < 2(|ap + |6p) we have 
'^ICn ~ Cn'l^ > '^(ll^ ~ ""-'P ~ 2) > f |n — n'p > ^^-^\n — n'\^ for |n — n'\ > 3. Suppose 
that iCn — Cn'l > 2/L" for all n, n' e A^, n ^ n' . Then for \n — n'\ < 3 we have that 
lACn - Cn'P > ~ if > 1- '^^^^ '^^ write 

1 /2 

e-«ICn-C„'P < g-^|n-n'r 

and consequently 

1/2 

\{n\Ml\n')\<e-^^^-^'\'{l-5n^,). 
If |1 — A/a;„| > 1/L" for all n e A^ then for all n, n' e A^ we also have, 

\{n\{VlJ-'\n')\<L^6r^^,. 

Therefore we can write 

\{n\{V^)-'Ml\n')\ < Y: \{n\{Vlr'\p)mMl\n')\ 
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= \{n\{V^r»mMl\n')\ 

1/2 1/2 

and 

\{n\{{VlJ-'Miy\n')\ < ElH(^Aj"'l^)IIH<J^)ll(^l(^Aj"'k)ll(^K.K)l 

1/2 1/2 1/2 

Similarly, 

Let T be the operator with {n\T\m) = e~''^'"~™'^. Then we can make || {{VlJ-^M^^) ' \\ < 
^||r|| by making Co(7)L"e s~ < i. We can therefore iterate the resolvent identity to 
get, 

r^(o) = (v^)-^ -{vY^M°r\o) 

A;=0 

Hence, if we take L > with larger than Qi and Q2 and sufficiently large that 
|L^" > 81n(2Co(7)-^"), the result follows from Lemmas 4.1 and 4.2. 

□ 

Let /5 be fixed as in Theorem 3.4 and k, > 7i/2. To prove (RA) of (PI) and condition 
(P2) we need to look at two regimes, |A| > e~^'^^^ and |A| < e"^"/^. The next lemma 
deals with the first regime, and the Lemmas 4.6 - 4.9 with the second. 
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Lemma 4.5: If \X\ > e"-^*^/^, L > 1, E e M. and e > 0, then 

¥{d{E, a{M^J) < e) < SpbR^ L^e^^ '"^e. (4.6) 
Proof: First we need to find a bound on the density of the diagonal terms of M'^. 



< suphm^ pci« = ^. (4.7) 
X 2e|A| Jx-e \a\ 

It follows that the density of x„„ = (?T,|M^|n) is bounded by p^R^e^'^ ^'^ . 

For Borel subsets i? of M let cr^{B) = {n\E/^{B)\n), where E/^{B) are the spectral projec- 
tions of M^. Then by Lemma Vlll.1.8 in Ref. 14, and by (^ ) 

Ex„„^T.!(fi) < PbR'e"^"/' I dx 

JB 



and therefore 



^(j^iB) < pbR^e^^/^ f dx. 

JB 



As in Proposition VIII. 4. 11 of Ref. 14, it then follows that, using ( [4.7|) , for all G M and 

e > 0, 

¥{d{E,a{Mj^J) < e) < 2pbR^e''"^^e\AL\ < 2pbR^e''' '^e{L + 1)1 
If L > 1 the result follows. 

□ 

For the next part it is necessary to make some definitions. 

Definitions: We define V = {Cn ? £ ^[^]} to be the vertices of a graph Q{V,E) with 
edges E defined as = {(Cm, Cn) : ICm — Cn\ < 1/8, W n,m E Z[i], n ^ m}. The degree 
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of a vertex, deg(^^) = #{^1 € : (Cm, Cn) G E}. Two vertices are said to be connected 
if there exists a path between them along a series of edges. A component is defined to 
be a maximally connected subgraph. We will define a cluster to be a component of the 
graph g{V,E). 

Lemma 4.6: For each conGguration {(n} there exist clusters containing at most 4 vertices 
such that the distance between every pair of clusters is at least 1/8. 

Proof: The distance between two clusters Ci, Cj is given by, 



It is easily seen that if the distance between two clusters is less than 1/8, then the distance 
between one of the vertices in one cluster, must be closer than 1/8 to a vertex in the other. 
Thus an edge will exist that connects the two clusters, leading to a contradiction in their 
definition as separate clusters. 

It suffices to show that we cannot have a cluster with more than four vertices. The 
diameter of a cluster is given by. 



We know that the unit squares centred on the Gaussian integers, {Bn,n e contain 
exactly one vertex each. The maximum diameter for a cluster of five vertices will be less 
than 1/2 by virtue of the definition of a cluster. However a circle of diameter 1/2 cannot 
intersect more than four of the S„, so we cannot have a cluster of five. If we had a cluster 
of more than five vertices, we could also have a cluster of five as can be seen if we perform 
a one by one deletion of lowest degree vertices until only five remain. Thus we cannot 



d{Ci,Cj) 



mf{d{Q,CL)\Cn^c,,cieq}. 



diam(Cj) = sup{ d(Cn, Cm) | Cn, Cm £ 



Ci}. 
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{n\Ml\n') 



have a cluster with more than five vertices. 

□ 

For a configuration {Cn}, let 

{n\M^\n') if Cn, Cn' same cluster, 

otherwise. 

Let Ci, C2, . . . , Cjv be the clusters in A and let Vi,V2, ■ ■ ■ , Vn be the projections onto Tii 
the space spanned by {|n) : Cn ^ Q}- Let 

M, = ViMlVi = ViM^Vi. (4.8) 

Lemma 4.7: For A = 0, 

|detMi|> C n (1 - e-'^l^"'-^"!') , (4.9) 

m< n: Cm, C 

where C > is a constant independent of C- 

Note that numerical calculation shows that the inequality is satisfied with C — 1. If the 
Ci's are distinct then for A = we can write 



^ ^ E ^mPoiCm, Q^n L E CmPo(Cm, z)Pq{z, Cn)^n dz 

= L\ E em/u(^)rrf^ > (4.10) 
m-.CmeCi 

since the /^.'s will be linearly independent. Thus detMj > 0. 

Proof: If A = 0, recall that from the definition of M^, for Cm; Cn in a cluster Cj, 

{m\Mi\n) = e-'^l'^'^-'^-l'-^^''^'"'"^". 
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We only have to prove the result up to a cluster of four. For a cluster of one, the result 
is trivial. For a cluster of two we get, 

IdetMil = I - e-^''\^'-^'\\ 

We now give the proof for a cluster of three. A direct proof with C — 1 can be given (see 
Ref 16) but it is difficult to extend this to the case of a cluster of four impurities. For this 
reason we shall give an indirect proof which can be extended to the latter case. 

Let ft;^(C2 - Ci) = oe^" and ((3 - Ci) = he'^ . Then det Mi = ^3(0, 6, 0) where = a - /3 
and 

Gs(a, 6, 0) = 1 - e-'"' - e""^' - e""^' + 2e-("'+^'+'^') cos(2a6 sin (</.)), (4.11) 

with 

— + b'^ — 2ab cos (f). 

Note that without loss of generality we can take e [0, tt] . G3 is an analytic function of 
a, b and 0. It is easy to check that, 

^3(0, 6, 0) = Gs{a, 0, 0) = ^3(0, ae^'t 0) = 0, 



and 



rlC 

'(0,6,0) = — ^(a, 0,0) = 



9a ' ' db 
so that we can write 

^3(0, 6, 0) = a%'^{b - ae-''^){b - ae''t')g^{a, b, 0) = a^^c^g^ia, b, 0) (4.12) 

where 5^3(0, b, 0) is an analytic function of a, b and 0. 
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' 2 

Let A = X [0, vr], where R+ denotes the one-point compactification of M+, and let Ao 
be the interior of A. Define /a : — R by 

/3(«, b, <P) = (i_,-..)^'L^\t)\i_,-e^) - (4-13) 



fs{a,b,(f)) > for all {a,b,(j)) G Ao by the inequality ( [4.10| ). Note that c = only if 



a = b = OoTa = b and = 0. We shall prove that for each point (ao, bo, 0o) on the 
boundary of A, we have liminf f3{a,b,(j)) > 0. Then since A is compact there 

{a,b,<f>)^{ao,bo,<f>o) 

exists C > such that fs^a, b,(j)) > C for all (a, b, (p) G A. 



For points on the boundary of A for which a, b and c are all finite and non-zero /3(a, 6, </>) 
is defined by (|4.13|) and is strictly positive. Now hnia^oo /3(«, = 1 + e^^^ > 1 for all 
(&, 0) G R+ X [0, tt] and similarly for limb_»oo /3(ct, 0)- Also liminf fs{a,b,(j)) = 1. 

(a,fe)— >(oo,oo) 

Next we have that hm(a^6)^(o,o) fsio,, b, 4>) = gs^O, 0, 0) and we can check that ^'3(0, 0, 0) = 
4. For b > 0, lima^o /3(a, 6, 0) = 6^5'3(0, 6, 0)/(l - e'^^^. We can calculate 5(3(0,6,0) 
explicitly to get b'^g^{^,b,(j)) = 2e~^^^(e^^^ — 1 — 26^) > 0. Similarly we can show that 
5(3(0, 0, 0) > 0. Finally, by symmetry it follows that hm^^^^ fsia, b, 0) = lima^o fsi^, b, i^) 
where ■0 is the angle between the edges of lengths b and c, which has already been shown 
to be strictly positive. Note that in fact this limit is independent of 

Now we come to the proof of the Lemma for a cluster of four. The idea of the proof is 
the same as for a cluster of three but the details are more complicated. 

Let K^(C2 - Ci) = oe*", K5((3 - (1) = be'l^ and n^id - Ci) = ce^^. Then det = 
6*4(0, 6, c, 0, -0) where = /3 — a, '0 = a — 7 and 

G4(a, 6, c, 0, V-) = 1 - e-2«^ - e'^'" - e'^''" - e'^-' - e'^-' - e'^-' 
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with 



and 



_2^_(,2+,.+„.+„.) cos(4(A„,„ + A„,J) 
-2e-("'+^'+"'+'"') cos(4(A„,„ - A,e.)) 

- 2e-(«'+^'+-'+-') cos(4(A„e. - A^e^)) (4.14) 

— h"^ -\- — 2ba cos , 

— + — 2ac cos , 

t(;2 ^ ^2 _^ ^2 _ 2&CCOS(0 + V') , 

Aa6« = sin , 
Aac,; = ^ac sin V' , 
^bcw = ^6csin(0 + V') , 



Auuu; — 7^ sin + ac sin — be sin(0 + V')) . 

Gi{a^ b, c, 4>, ip) is an analytic function of a, b, c, 4> and ip. In this case also we can check 
that, 

^4(0, b, c, (f), ip) = G4{a, 0, c, 0, V') ^ Gi{a, b, 0, 0, ^) = 0, 

dG^ . I I \ dG^ . I I \ dG^ . I I \ 

-^(0, 6, c, 0, -0) = -^(a, 0, c, 0, -0) = -^(«' ^' 0' V') = 0, 



22 



and 

G^{be^''t', b, c, 0, = G4(ce±^^, b, c, 0, = G^{a, ce±^('^+^) c, 0, = 0. 
These identities imply that 

G4{a, b, c, (f), ■0) = o?b^ (^u^v^w^ g{a, b, c, 0, ip) (4-15) 
where 5^4(0, b, c, 0, ■0) is an analytic function of a, b, c, (f) and ip. 

In this case we let A = x [0, tt]^ and define /4 : — > R by 

Using the same arguments as before it is sufficient to check that for each point z — 
(oo, bo, Co, (po, V^o) on the boundary of A, we have , liminf fAa, b, c, (p, ip) > 0. 

(a,b,c,<t>,tp)^z 

When one of a, 6 and c tend to 00, the problem simplifies to the three impurity case 
and taking the lower limit when two of them tend to 00, reduces the problem to the 
two impurity case. When all of a, b and c tend to 00 the lower limit is equal to 1. It 
remains to show that /4(a, b, c, (p, ip) is strictly positive in the limit of any subset of {a, b, c} 
going to zero. By symmetry we need only check the cases a, 6, c ^ 0, a, 6 — > and 
a ^ 0. Now lim(„,b,c)-^(o,o,o) f4{a, b, c, (p, tp) = g{0, 0, 0, (p, tp) = 16/3. Similarly hm(„,b)-.(o,o) 
/4(a, b, c, (P, iP) = 4e-2'='(e2^' - 1 - 2c2 - 2c^)/(l - e-^'f > 0. 

Finally we need to check that lima_>o /4(ci, c, 0, -0) > 0. This is considerably more 
difficult and will be checked over several stages. We have that 

hm /4(a, b, c, cP, 0) = 2/1(6, c, e)/(l - e-'^fil - e-'^')\l - e"-') (4.17) 

a— >0 

where 

h{b, c,0)^ 1 - (1 + 2b'')e-'"'' - (1 + 2c2)e-2^' - e'^"'' 
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cos(26c sin^) 



+46ce-(^'+'^'+"'')(cos^cos(26csin^) +sin^sin(26csin^)) (4.18) 



and 6 — (j) + Now differentiating h with respect to 6 gives 



dh 



(4.19) 



where S{x,9) = sin 6* (cosh (2x cos ^) — cos(2xsin^)) — xsin(2xsin^). 

We can use cosht > 1 + t^/2\ + t^/A\ for all t and sint < En=o(-l)"^^"^V(2^ + 
cost < En=o(-l)"^^"/(2^)! for i < 10 to write 



where j{x,9) = 15 + 2a;2sin'^^ - Gx^sin^^ + 4/7a;^sin6^ - l/TxSin^^ - 2/63a;Sin®^. 
Note that j{x, 9) is symmetric about 7r/2. Differentiating j{x, 9) with respect to 9 yields 
4/7x2 sin^ 9 cos ^(21 sin^ ^ - 42 + Gx^ sin^ ^ - 2a;2 sin^ 9 - A/Qx^ sin^ 9). The first factor is 
seen to be zero only at ^ G {0, 7r/2,7r}. The second factor is quadratic in x'^ and has no 
real roots as (3 — sin^ 9Y + 28/3(sin2 ^ — 2) < for all 9. Hence j{x, 9) takes stationary 
values for 9 e (0, 7r/2, tt}. Now j(a;, 0) = j(x, tt) = 15, while 



is a cubic in x"^ which is easily shown to be decreasing with x. j(2.4,7r/2) > and thus 
for x < 2.4, ^ > and h is increasing with 9. 

We now need to find an increasing lower bound for h when x > 2.4. For 9 e [0,7r/2], so 
that cos 6' > 0, we can get a lower bound for h by using cos(26csin6') > 1 — 2b^c^sm^9 
and sin(2&csin^) > —26c sin ^. Let this lower bound be ki. Note that h and ki coincide 



S{x,9) > ^x^ J {x, 9) sin 9 



(4.20) 




.6 
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at ^ = 0. We have that 



1b 



166c sin ^6-^^'+'='+'"^ 



Si{bc, be cos 9) 



(4.21) 



where Si{x, y) — sinh^ y — 2y -\- {2 -\- y){x^ — y^) — y^. For x > y we have that Si{x, y) > 



sinh^ y — 2y — y'^ > ior y > 1.65. On the other hand Si{x, y) > —2y + 2{x^ — y"^) > if 
y < (— 1 + Vl + 4x^)/2. Combining these two results we have Si{x,y) > for all y < x 
if X > 2.1. 

For 9 e [7r/2, tt] we have that cos ^ < 0. We use the same bounds in h as before except we 
bound cos(26csin^) by 1 in the term containing cos^. Let this bound be /c2- Note that 
ki and k2 coincide at ^ = 7r/2. It is simple to see that 



where S2{h,c,9) — 2 sinh^(6ccos ^) — 46c cos ^ + 36^c^sin^^ > 0. Hence /c2 is increasing 
with 9. 

We have shown, when x > 2.4, that for 9 e [0,7r/2], ki < h is increasing, and for 
^ e [7r/2,7r], A;2 < ^ is increasing. We have also noted that h = ki at 9 = and that 
ki — k2 at 9 — 7r/2. We have seen that for x < 2.4, h is increasing. Therefore it remains 
to check that h is strictly positive at ^ = 0. Making the change of variables s = 26^ and 
r = 26(c — b) we have that 



dk2 



Sbcsm9e-^^'+''+'''^S2{b, c, 9) 



(4.22) 



h{ 




where 



h{s, r) 





s {1 + s) {1 - e-^'f 
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Let be the lower bound obtained by replacing the first term in h by (l+r^/2s)(e'^ — 1— s). 
We differentiate with respect to r and write it as a power series expansion in r; 



dr ' 2' ^ 2 6 

oo n 

+ 2s2 ^ — (s(2" - n-2) + 2"-n2-n-2 



n=5 ^- 



oo on— 4 n 

+ (e^-l-.)E 



n=5(^-4)!' 

By using the bound 1 — < s it is easy to see that the first term is increasing and thus 
positive, - 1 - s - y + ^ > and s(2" - n - 2) + 2" - - n - 2 > forn > 5. 
Thus k^ is increasing with r. 

Finally we need to check that the lim^^o k^{Si > 0. 



\imk^{s,r) = 2(coshs — 1 — —) > 
for s > and therefore h{b, c, 0) > for all non-zero b, c and the Lemma is proved. 



□ 

Recalling ( |4.8| ) we can write, 

Mj^ = J2Mi and (M^)"! = ^(M,)-\ 

i i 

Let S = sup ||M-^||, then \\{M^)-^\\ < S. 

i 

Lemma 4.8: Let 5^ = |e~''/^''. If 9 > 39 and q < 9/13 — 3 then there exists Q4 such 
that for all L > Q^, k > 641n(2L''), for all E e {-6^, 6^), all X with \X\ < e-^^/^ 



{d{E,a{M^J)<e-^')<j-^. 
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Proof: If di — dim Vi then we have 



where is a constant. Obviously o?i e {1,2,3,4}, as a maximal cluster contains 4 
impurities. Now, from the previous lemma we have a lower bound for | det Mj | for the 
case where A = 0. Using the bound 1 — exp{—KX^) > exp(— x^) for k > 1, we can write 
when A = 0, 

|detM,|> C n ICm-CnlVl^--^"!'. (4.24) 

m<n:Cm,CneCi 

Let u = e/13. Then if |Cn - Cn'l > 2/L« for C„, Cn' e with Cn ^ Cw, 

detM.|>Cp^ =C'L--. 



Also, if A = then 

(\ di-l 
^ |(m|M,|n)| <A 
{n,m:Cn,Cm€Ci} ) 

for some constant A, independent of C- So for A = 0, < C"L^^". 

Therefore if D is the diagonal matrix made up of the elements — with I — I < e"^"/^ for 
{n : Cn £ Cj} then for L sufficiently large, by the resolvent identity 

II /W I II 

E = sup iiMri < sup ' ; < l\ (4.25) 

i i i — ll-L'll |a=o|| 

The probability for this to occur is greater than P(|a;n| > e~^^ 1^ and |Cn — Cn'l > for all 
n, n' such that Cn; Cn' £ with Cn 7^ Cn') which is greater than (1— 2p6e~^'^/'^)*^(l— L^"") > 
1 — for L sufficiently large. 



Let mi = Ml-Ml. Then 



{n\5M2\n') = < 



'0 if Cn) Cn' are in the same cluster, 

, i^PoiCn, Cn') otherwise. 
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Since ac > 7r/2 we have, 

II^M^II < er"!^. 

^From the resolvent identity we get 

ii(^A)-i < mir'w + mir'w wmw, (4.26) 

If we can make ||(M^)"i < Ee-'^l^^ < \ then we get, 

||(M^^)-^||<2||(M^^)-^||. (4.27) 
Thus, we have that if k > 641n(2L^), 

||(M^)-^||<2L^ 
with a probabihty greater than 1 — L~'^ if L is sufficiently large. 

If \E\ < |e-«/64 then \E\ < 1/4L^. So ||(M^ - E)-^ < [IKM^)"!-^ - l/4L^]-i. Hence 
from above, 

M^-E)-^\\ <4L^) > 1- 



Li 



Now, as e M, 



d{E,a{M^))^\\{M^-E) 



-iii-i 



which gives us that 



Taking Q4 sufficiently large so that in addition > ln(4L^) we obtain the result. 



□ 
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Lemma 4.9: There exists such that for all L > Q^, for q > 0, any E e M., all 
K < all A with |A| < e-^"/^, 

F{d{E,a{M>iJ)<e-^')<j-. (4.28) 



Proof: We divide up the points of A fl Z[i] into adjacent pairs {rii, n[}. 



Let Qi be the two dimensional projection onto the space spanned by \ni) and Let 



1 _g-2^<»iAC„/ ^ 



1 e 



» — e » e 



1 \ 



Let U — J2i QiUiQ*. Then we have, for rii, n[ in a pair, 



(ni|;7M°[/*|ni) 
{n[\UM'U*\n',) 



1 + e 



-K|Cni-C„' 



1-e 



Now, if r = ICni - Cn'l, then 



P[r e (a, 6)] = y j d'C2r(Ci)r(C2) l(|a-C2|e(a,6)} 

< / r(Ci)d'(Ci) /^,r(C2)l{|c,-C.|.(a,;>)}rf'(C2) 

< 27rr5 / rdr = 7rr(,(6^ — a^) = / p{r)dr 

J a Ja 



with p(r) = 27rr;, r. 



Let s = e and e ^'^ < a < 6 < 1. Then -{Tirhds) / {ns) = p{r)dr 

P[, e (a, 6)] < ^ < ![!le- r = ^e-(6 - a). 

J a, S J a, 

The density of Xnn = {n\UM^U*\n) is bounded by Trvbe^'^/K.. So the diagonal terms lis 
have the same bound. 
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For Borel subsets B oiR let c^(-B) = {n\E\{B)\n), where E\{B) are the spectral projec- 
tions of UM^U*, with |A| < e-^''/^ ^hen by Lemma VIII.1.8 in Ref. 14, 

K JB 

and therefore 

mj^{B) < / dx. 

As in Proposition VIII.4.11 of Ref. 14, it then follows that for all £^ e M and e > 0, 

F{d{E,a{Ml)) < e) < 2^^e|Ai| < 2^^e(L + 1)^ < S^^L^e. (4.29) 

if L > 1. Now, it is easily seen that a{M^) c{z : d{z,a{M^)) < \\M^ - M°||}. Hence 

d{E, a{M^)) > d{E, (7(M°)) - \\M^ - M°||. 

We can show that \\M^ - M°|| < e~^^/'^ with a probability P(|a;„| > e"^'^/'^ for all n e 
Al ) > (1 - 2p6e-^'/^)(-^+i)' > 1 - for all L > Q5 with Q5 sufficiently large. Hence 
if d(E, a(MlJ) > e + e'^^/^ then d(E, a(M^J) > e. 

So for A with |A| < e'^^/'^, all e M and for all L > Q5, 

a{MjlJ) > 6) > (1 - 8^nL'{e + e-^'/')e'^^ ' ^) ' (^.30) 
where we have used ¥{A) > ¥{A\B)¥{B). If we have that > 20k, the lemma is proved. 

□ 

Finally, we can bring the two regimes for A together to prove that: 

Lemma 4.10: There exists Qq and such that for any q > 0, any A e M, £^ e {—S^, S^), 
for all L > Qq, 

P(d(£;,a(M^^(o)))<e-^'')<-i. 
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Proof: Choose 9 > 13{q + 3). Take Qe larger than Q5 such that 

8p6i?'i^'e-^'/2 < and > 2«.5 ln(2L^) 

for all L > Qe and take = ie-'^/^^ Let E e {-S^,S^) and |A| < e-^""/^. Then by 
Lemmas 4.8 and 4.9, for all L > Qe, 

PKi?,a(M^\(o)))<e-^')<;^- 

On the other hand if |A| > e"^*^/^ then by Lemma 4.5, for all L > we also have the 
above inequality. 

□ 

We finally check that the conditions of Theorem 3.4 are satisfied for p = 3, g = 25. By 
Lemma 4.10 condition (P2) is satisfied for L > Qe with rj — 6,^ where 5^ = le"*^/^^. 
Also from Lemma 4.10 {RA) of (PI) is satisfied with probability greater than 1 — -p- for 
L > Qe. 

Now in Lemma 4.4 put m = 7, 7 = | and let Lq be greater than Q^ V Qe and such that 
for any fixed s e (|, 1) (as in the regularity condition) we have 

7^ + 4 < 4, Li4(Lo-L^)^/2>641n(2L^), and L^(Lo - L^)^/^ > 32Lo. 
-t^o -^0 -^0 

If we choose kq = I/q"/4 then we have that 

l(r^|ri„(0)|n')|<e-'^^^^^° 

for all K, > Kq, all n, n' e A^^ with a probabihty greater than 1 — 2/Lq. Therefore if we 
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take mo = K''^/^, 

P{Alo(0) is (mo, 0) - regular } > 1 - ^ 
where we have used that F{A f] B) > 1 - ¥{A'') - ¥{3") and condition (PI) is checked. 

V. Proof of Theorem 3.2 peirts (b) and (c). 

In this section we denote by C the Lebesgue measure. 

^From Theorem 3.4, equation 3.5 and an apphcation of Fubini's Theorem we can deduce 
that with probability one and for £-a.e. A, if A is a non-zero generalized eigenvalue 
of H{ijj, C) then the corresponding eigenfunction decays exponentially. An immediate 
consequence is that crac {H) = 0- However this does not rule out the existence of singular 
continuous spectrum. To exclude this we need to show exponential decay for a.e. A with 
respect to the spectral measure of H{u;X)- We will use the ideas of Delyon, Levy and 
Souillard^''. 

Let A C Z[i] with |A| = A'" as before and define the restriction of to A by, 

Ha^YI ^rx|/c„>(/c„|- 
neA 

If ipk are eigenfunctions of H\ with eigenvalues Xk, k — 1, . . . , N and \\ipk\\ — 1 for all k, 
then 

HAipk = Ki'k- 

Define the resolution of the identity of the restriction of H to Ha by 
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where _B is a Borel subset of M and let cr^ = (0|-Ea|0) for some G Ho- For A y Z[i], 
af^'^ converges weakly as a measure to cr'^''^, the spectral measure of H. We can write cr^'"^ 
explicitly: 

4'Hb)= E K'^I^'^)!'- (5-1) 

As in Section III the eigenvalues of i^A with eigenfunction ipk must satisfy M^^fc = 



where $,k{n) = y2K/7r uJnifcJ'ipk) ■ Thus we can expect solutions of A for detM^ = 0. 
We will look at solutions as a function of one of the uJn only. 



Using 1^ = |/c„)(/c„|, a calculation of {ipkld/dUniHAtpk)) yields that 

\{fum\'. (5.2) 



duJn 

Note that if {fc^Jlipk) = then ip^ remains an eigenvector for A^ as uOn varies and does 
not contribute to a'j^"''^''" . Also, if A^ is degenerate, we can choose the corresponding 
orthonormal set of eigenvectors so that only one satisfies {f(„\4'k) 7^ 0. From (|5.2| ) we see 
that each A^ is a monotonic increasing function of Un and from (3.4) that we get A^ — 1 
solutions of Afc which are identical as Un ±oo. The A^-th solution corresponds to the 
ipk which tends to f(^^ and this value increases from A = — oo at cu^ = — oo to the lowest 
Afc at LJn = +00 (respectively increases from the highest A^ at Un = — oo to A = +oo 
at = +cxd) as can be seen from the following argument. We would like to know the 
behaviour when Un and A both become large. If we expand the determinant we get, 

- (^^"-' ^ ^(^)) - S^A«- + 0(A) ^ 

where 11 = Yl^^^ ^m, is a polynomial in A of degree N — 2 and Q{X) is a polynomial 
in A of degree A^ — 3. We thus get an expression for u;„ in terms of A. 

A^ 



UJr, 



- E™^n^me-2-IU-CnPA^-2 + R{X) 
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where -R(A) is a polynomial in ^. Thus for A large, Un ~ A. This is what we expect if 
ipk /cn then we have that dXk/dun — >■ 1- 

Now recalling the fact that A is a monotonic increasing function of Un we see that only 
one among the eigenvalues A^ crosses any A, i.e. the range of \{ujn) is divided into disjoint 
open subsets Ok such that \JkOk = K and each A^ corresponds to only one of the Ok- 
Therefore there is only one term corresponding to such A^ in the sum for aj^"''^''" . 



The above results along with ( |5.1|) and (|5.2| ) allow us to make the following change of 
variables: 



.xB 



< pb i^{\k e B} = pb\B\. (5.3) 

Using the weak convergence of aj^"'^^" to cr^^"''^''" we can therefore write 

[ p{u;n)dcUnaf<-'^<-{B) < p, (5.4) 

and hence the ci;„-averaged spectral measure E^,^ (^cr-^f^'-^C" (rfA)^ is absolutely continuous 
with respect to Lebesgue measure. 

We now use Kotani's "trick" (see Ref. 12). In the following, B will represent the Borel 
(T-field. We will need the following lemma who's proof is elementary. 

Lemma 5.1 : Let {/«} be a toted countable subset of normalised vectors of a Hilbert 
space H and H a self-adjoint operator on TC witli spectral projections E{-). Let Cn > 0, 
EnCn < oo and V = T,nCn(^^"'^", wlicrc a^"'/"(.) = (/„|E(-)|/„). Then for any B e B, 
v{B) = implies that E{B) = 0. 
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Let {Q, JF, p) be the probability space corresponding to the u and ( and let JF* be the sub 
cr-field of J-" generated by all of these variables except Un for some n G Z[i]. If F{u!, (, A) 
is a nonnegative JF* (g) B measurable function, then from Proposition VIII. 1.4 in Ref. 14 
we have that, 

(e{J F{-,-,X) dX} = 0^ ^ (^J F{uj, C, A)(T-^C"'^C" (dX) = P-a.e. ^ . (5.5) 

Lemma 5.2 : For B & B let B ^ E{B) be the spectral measure of H and let A G 
n„g2[j](jF*(g)i3), then, iffora.e. A G M with respect to Lebesgue measure E{1 a( ■, ■, A)} = 0, 
then E{E{{X : ( -, -, A) G A})} = 0. 

Proof : Let A E J-'*®B. If for a.e. A with respect to Lebesgue measure e{1a{( ■, ■, A)} = 
0, then by Fubini's Theorem e{/ dXlA{ ■, ■, A)} = 0. Combining this with ( |^ ) we have 
that E{/ 1a{-, -, A)E^„(cj-^c-'-^C"(rfA))} = 0. We now use the fact that A e J^* (g) B with 
( ^TsD to move the expectation over Un outside the integral and we obtain 

E{U{(-, ■,A)} = E{J U(-, ■,A)a^c-^c„(dA)} = 0. (5.6) 

Finally, by taking A G ^neZ\i]{^n ® ^) u = I]n CnO"'^'-"''^'-" , where each Cn > 0, 
J2n(^n < oo we have that E{/]^1^(-, ■,X)h'{dX)} = and from Lemma 5.1 we have the 
result. Now we have seen at the beginning of this section that if W is the set in f2 x M 
defined by: 

W = {{u, (, A) : the generalized eigenf unctions of H{uj, () 

with eigenvalue A decay exponentially }, 

then Fubini's Theorem implies that is of P Cg> £ full measure. By taking as A in 
Lemma 5.2 we have shown that with probability one and A-a.e. with respect to the spectral 
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measure, if A is a generalized eigenvalue of H then the corresponding eigenfunctions decay 
exponentially and hence Theorem 3.2 parts (b) and (c) are proven. 
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